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Abstract 

This paper gives some examples of hypersurfaces (/3t(M") evolving 
in time with speed determined by functions of the normal curvatures in 
an (n + l)-dimensional hyperbolic manifold; we emphasize the case of 
flow by harmonic mean curvature. The examples converge to a totally 
geodesic submanifold of any dimension from 1 to n, and include cases 
which exist for infinite time. Convergence to a point was studied by 
Andrews, and only occurs in finite time. For dimension n = 2, the 
destiny of any harmonic mean curvature flow is strongly influenced by 
the genus of the surface M^. 

Mathematics Subject Classification: 35K15, 53C44 



1 Background 

Unless otherwise mentioned, all Riemannian manifolds in this article are 
connected and complete. Let be a smooth, connected, orientable com- 
pact manifold of dimension n > 2, without boundary, and let (N"'^^ , g^) be 
a smooth connected Riemannian manifold, is any sectional curvature of 
N"'^'^, Si is the Riemann tensor of A^"""^^, and is the Levi-Civita con- 
nection corresponding to . For a hyperbolic manifold, = — 1. When 
an index such as i is repeated in one term of an expression, summation 
1 < i < n is indicated. 
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Suppose ifQ : M" N"'^ is a smooth immersion of an oriented manifold 
M" into N"^^"^; write v for the induced normal vector to (Pq{M). The second 
fundamental form of M is a covariant tensor which we represent at each 
point by a matrix A, where the entry Aij = hij = (V^ '^'^~/ • '^^^ 

Weingarten tensor is given by the matrix W , whose entry = hijg^^ and 

{g-^^} is the pointwise inverse matrix of {gjk}- 

We seek a solution ip : M" x [0, T) A^"+i to an equation 

^^^{x,t) = -f{\{W[x,t)))v[x,t) (1) 
93(2;, 0) = lpq{x) 

where F{x,t) = f{X{W{x,t))) and / is a smooth symmetric function, where 
v{x,t) is the outward normal vector to ip{M^^t). W{x,t) is the Weingarten 
matrix of ip{M^,t) in N"'~^^, and X{W) is the set of eigenvalues (Ai, . . . , A^) 
of W. Define pt{x) = (p{x, t), then (Ai, . . . , A^) are the principal curvatures 
of the hypersurface Mt = Lpt{M) C A^. 

For example, ([T]) becomes Mean Curvature Flow when /(A) = ^ ■ Aj (see 

m)- 

Consider the solution (p : M" x [0, T) — > A^"+^ of the following equations: 
^^^{x,t) = -[Y.\T^y'v{x,t) (2) 

i 

(/9(X,0) = ipQ{x) 

Such a solution (^(x, t) is Harmonic Mean Curvature Flow; /(A) = ^^^)^^ 
is the harmonic mean of the numbers Ai, . . . , An,. 
B. Andrews proved the following theorem in [2]: 

Theorem 1. Let M" and (/jq assumed as at the beginning of this pa- 
per, and that the Riemannian manifold (A^""*"^, 5^) satisfies the following 
conditions: 

-Ki < < K2, |V^i?^|^^ < L 
for some nonnegative constants Ki, K2 and L. 

Assume every principal curvature Aj of ipQ satisfies the following condition: 

A, > 

Then there exists a unique smooth solution to (0j on a maximal time interval 
[0,r), T < 00, and the immersion ipt converges uniformly to a round point 
p in A^"+^ as t approaches T . 
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Also, we have the following theorem, to appear in [7]: 

Theorem 2. Let M" he a smooth, connected, orientable compact manifold 
of dimension n > 2, without boundary. Assume A^"+^ is a non-positively 
curved, simply- connected smooth manifold, and suppose : M" — > A^"+^ 
is a smooth immersion of M"^ . Assume every principal curvature of ipq{M) 
is positive. Then there exists a unique smooth solution to (0j on a maximal 
time interval [0, T), T < oo, and the immersion ipf converges uniformly to a 
round point p in N^'^'^ as t approaches T . 

In the rest of this paper, except for Section 6, and unless otherwise men- 
tioned, we consider harmonic mean curvature flow and let /(A) = A~^)~^. 
We provide two specific examples of harmonic mean curvature flow for infi- 
nite time: in section 2, with dimension reduction in the limit, and in section 
3, with the limit manifold of the same dimension as M. Note these examples 
in section 2 and section 3 provide barriers for harmonic mean curvature flow 
in Riemannian manifolds; further applications will be addressed in [7J. We 
discuss the limit behavor of the harmonic mean curvature flow at infinite time 
in section 4. Then we treat the special consequences of the Gauss-Bonnet 
theorem for 2-dimensional surfaces in section 5, and turn to examples of 
more general flows by functions of normal curvatures in section 6. 

We would like to thank Gerhard Huisken for interesting discussions, and 
in particular for the observation that there are no examples in the litera- 
ture for convergence of a compact hypersurface flowing by harmonic mean 
curvature in infinite time to a set of positive dimension. And we also would 
like to thank the referee for pointing out a gap in the earlier version of this 
paper. 

2 The dimension-reduction example 

In this section, we give an example where (ft converges to 9900 in the C°° 
topology but the dimension of M^o = Lpoo{M) is less than the dimension of 
Mt] i.e. there is dimension reduction. 

Theorem 3. Let be a hyperbolic manifold containing an embedded closed 
geodesic M^. Then there is a flow (ft ■ M'^ — > A^'^ by harmonic mean 
curvature, where is a torus, which converges to M^o as t —>■ +00. The 
flow consists of immersions (ft, which become embedded for t sufficiently 
large. 

For example, we may let the ambient manifold N be iJ^/Z, where 
is hyperbolic space, represented as the Poincare half space (R^)^ = 
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{{x,y,z)\{x,y,z) e M.^,z > 0} with the metric = jj5ij {6ij = Sj = 
Kronecker delta), and the Z action / : Z x is defined as: 

f{k){x,y,z)=2''{x,y,z). 

Recall that f{k) is an isometry of H"^ for each k £ Z. 

Now we let be the quotient manifold of under the Z-action, with 
fundamental domain {{x,y,z) \ 1 < ■\/ x'^ + y'^ + z^ < 2}. Then Mqo = the 
positive z-axis, modulo /(I), is a closed geodesic in N. 

Proof: Let Vo : — > iV be an embedding as the given closed geodesic 
curve Moo in We choose a unit vector field w{x) in (Tjj^o)"'"- Then for 
r > 0, we define 

e, r) = 9):S^ xS^ ^ 

by 

ip{x, 6, r) = iprix, 9) = 7(x, 6, r), 

where 7(x,^,-) is the unit-speed geodesic in N with 'y{x,9,0) = ipo{x) and 
^7(x, 9, r) = N{x, 9) ai r = 0. Here N{x, 9) is the unit tangent vector in 
^Vo(a;)-^^ which is perpendicular to T^V-'o and makes the angle 9 with w{x). 
Then ipri^^ x S^) has two principal curvatures: 

Ai(r) = tanhr, A2(r) = cothr. 

In fact, for i = 1,2, Aj(r) is the logarithmic derivative of the length of a 
Jacobi field, and hence satisfies the Ricatti equation \\{r) + (Ai(r))^ = 1. 

We have constructed a one-parameter family of immersions ip^ '■ M ^ N , 
— oo < r < oo, with two principal curvatures: Ai(r) = tanhr and A2(r) = 
cothr. It may be observed that ipr is an embedding for r sufficiently small. 



Now consider the harmonic mean curvature flow (ft = il)r{t) '■ M ^ N, 
with initial conditions ipo = V'ro; ''(0) = i^o^ where ro is some fixed positive 
constant. The speed must satisfy: 

dr / d'j dr \ /d^{x,r 



dt \dr dt'""/ \ dt ' 
/dip(x,r) \ /dip(x,t) ^ 



Fv,v) = -F{Xi,X2) 
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1 sinh r cosh r 

A^^ + A2"^ (sinh r)2 + (cosh r)2 

In the first equation we use the fact ^ = v; in the third equation we use the 
definition of ipr, where v = N{x,6) is the outward normal vector of ipr{M) 
at {x,e) G §1 X §1. 
Solving, we find 

r{t) = — sinh~^ ^e~*sinh2roy 
Note that r{t) — s- as t ^ oo. □ 



3 The no-dimension-reduction example 

In this section, we give an example in which Mt converges to M^o in the C°° 
topology and the dimension of Mqo is the same as the dimension of M^, i.e. 
there is no dimension reduction. 

Theorem 4. There is a compact surface of genus 2, a hyperbolic man- 
ifold diffeomorphic to Af x M, a totally geodesic embedding i/jq : M ^ N 
and a flow by harmonic mean curvature ipt ■ M ^ N such that as t — > +oo, 
(pt{M) ipo{M) smoothly. 

Proof: Let Q he a regular geodesic octagon in the hyperbolic plane H^, 
with angles it/2, and thus area An. Label the edges as 

Pi,a[, -ai,l32,a2, -P2, -02, 

in that order, where the signs indicate orientation. Let Ai be the orientation- 
preserving isometry of which maps the oriented geodesic segments ai to 
a'l ; A2 maps 02 to 02 ; Bi maps Pi to /?( ; and B2 maps P2 to P2 ■ The group 
G of isometrics of generated by Ai , A2 and Bi also includes B2. G is 
isomorphic to the fundamental group of the compact surface of genus 2. (See 
pp. 95-98 in Katok [6] for the arithmetic properties of the group G.) 

Let tpo : — > be an embedding as a totally geodesic surface in H^. 
The isometrics in G extend in a well-known fashion to isometrics of H^, 
leaving the distance from 'tpo{H'^) invariant. 

Choose a unit normal vector field N to ipo{H'^). Define ip{-,r) : 
by ip{x,r) = ipr{x) = 7(2;, r) and ip{x,0) = ipoix), where 7(x,-) is the unit- 
speed geodesic in with 7(x,0) = x and ^7(x,0) = N{x). 
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Then ijjr{H^) is totally umbilic, with normal curvatures A(r) = tanhr. 
In fact, A(r) satisfies the Ricatti equation A'(r) + (A(r))^ = 1, with the initial 
condition A(0) = 0. 

Now let the group G act by isometries on and on H^. The quotient 
H^/G = is a compact surface of genus 2, with fundamental domain Q,, 
and the quotient H^/G = is a noncompact hyperbolic manifold diffeo- 
morphic to M x M. The group G acting on preserves each of the hy- 
persurfaces ipr{H'^)- We have constructed a one-parameter family of totally 
umbilic embeddings ipr ■ M ^ N, — oo < r < oo, with normal curvatures 
= tanhr. 

Now consider the harmonic mean curvature flow (pt : M ^ N, with 
initial conditions ipo = iprQ, where ro is some fixed positive constant. The 
speed must satisfy 

dr / d'y dr \ /d'y(x,r) _\ /dib{x,r) _; 
= {^^^'") = { 5^>^) = ( 5: — >^ 



dt Xdrdt''"/ \ dt \ dt 

{^^v) = {-F^ = -FiX,M 

1 1 

- - tanh r. 



In the first equation we use the fact ^ = N{x) = v. In the third equation 
we use the definition of ipr, where v is the outward normal vector of ipr- 
Solving, we find 

r{t) = sinh~^ ^e"*''^ sinhroy 
Note that r{t) ^ as t ^ oo. □ 



4 The limit behavior of harmonic mean curvature 
flow at inflnite time 

In this section, we will give a sufficient condition where harmonic mean 
curvature flow will exist forever, and discuss the limit behavior. Let (ft ■ 
M N he an immersion of M" into a hyperbolic manifold iV""^^. 

Definition 5. We define the following notation: 

rpkl _ pkl,pq _ 9'^^ rri _ ^ TjS,i _ ^ ^ _ ^ 

~dhi' -dh,idh,,' dur du^diol' ^.,-^.0,0, 
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where appearing as a tensor index represents the normal vector v of ip{M) 
in N . For any W : M ^ M, we define: 

Recall from Andrews p| that ^ is elliptic as long as (pt{M) remains 
locally strictly convex. 

Theorem 6. If N"'~^^ is a hyperbolic manifold, F{x) < ^ for any x G M , 
then (pt{M) remains locally convex and F{x,t) < ^ for any x G M, t G 
[0,+oo), \\m.t^oo F{x,t) = 0, and the harmonic mean curvature flow exists 
for all t in [0, +oo). 

Proof: By Andrews [2J, using a curvature coordinate system at one 
point, we have the following formula: 

B F 

— = ^{F) + F<F, (W^) >+F< F'^, (%) > 

= ^(F) + ^f|^(A?+^,,) (3) 

i 

<J^{F)+F\n-Y,K^) 

i 

<^(F) + F^(n--F-'^ 
\ n 

Consider the ODE 

dF 1 ~ . 

ot n 
F(0) = maxF(x,0). 

Solving the above ODE, we get F{t)~'^—n'^ = (F(0)~^— 71^)6^*/*^. Because 
< F(0) = max^.6M" F{x, 0) < i, we get linit^oo F{t) = 0. 

By the maximum principle, F{x,t) < F{t) < ^, for all x G M, t G 
[0, +oo), and therefore limt^oo Fix, t) = 0. 

On the other hand, we have the following estimate by the above evolution 
equation of F: 

r) F 

— > if (F) + F'i- \f) > ^{F) - F. 
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Now consider the ODE 

dt 

F(0) = minF(x,0). 
Then by the maximum principle again, we get for all x G M, t G [0, +cx3): 
F{x, t) > F{t) = min F{x, 0) e"* > 

In particular, (pt{M) remains convex for all t. 

Finally, we have the following estimate of H. By Andrews' [2]: 

^a;[ = F^'VkViu:: + F^'''P''{V Mg'' 



+F'''{h^lu;rM + F^'^sthijg^' + 2Ff™g*'-<^p,,i 

Now referring to the last five terms above, we define: 

(/) = H^F'^^ih^iLoZM , (//) = HlF^'M^tK.gi-^ 

{III) = 2if;F^'™/^<=^p,,t , {IV) = -iil{F^S'''^l%s<it + F^^i'ul^^^^t) 
{V) = ij;FP«/^(V,=^tp,o - Vp^^gito) 

then 

d ■ ■ d 

= Hi.{F'''VkViu;l) + ij;F^''P''(V,/iH)(V, + (/) + ••• + (l^) 

Note 

F'^'VkViH = F'^'Vk{Hyiu;l) = F^' H'JiiV a){V iujI) + F''' H^V icol . 



Define 



(J) = Ht.F''^'P\VMi'^jhp,)g^' - F''Hi:i{ykio^){Viu;l); 



we get 

^^H = ^{H) + {J) + {I) + -.. + {V). 
It is straightforward to get 

(/) + (//) = H[< F, {W^) > +F'i^,ojo] < nF^H < -H 

n 
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and 

Of 

(^) = TTT (^i-^iiio - Vi%jo) = 0. 
OAi 

Choose a curvature coordinate system around one point; then we could 
do the following calculation: 



pqj 



But by the Lemma 2.22 in [Ij, we know F is concave from the fact that / is 
concave. So we get (J) < 0. 
Now 

(///) + {IV) = 2HlFP^g'^ul<^.pi,t - Hl{FP^g''ujt<^.psqt + F^'^ g'' u^l^^^i^t) 

— I^prpr ( Ap Aj.) — 2 ^ ^ ^prpr ( ) i^P '^'") 
P p^j. P r 

k i,j 

<^(A. + A,)-( ' { ) <Y,i^, + Xj) = 2nH 

i,j k ij 

We have the following inequality for H by the above estimates: 
BTJ / 1 \ 



Now consider the ODE 

#(0) = maxFfx.O). 
Then by the maximum principle again, we get for all x E M, t E [0, +oo): 
H{x,t) < H{t) =maxF(x,0)e(2"+^)* < +oo. 

This shows that the harmonic mean curvature flow exists on [0, +oo). □ 

In the rest of this section, we do not assume the ambient manifold A^"+^ 
is a hyperbolic manifold. 



Proposition 7. Assume A^"+^ is a smooth n + 1 > 3 dimensional manifold 
which is convex at infinity, the maximal existence time of the harmonic mean 
curvature flow if : M x [0,T) N is T = +oo, and as t ^ +oo, Mt = 
<^{M, t) converges to a smooth n dimensional submanifold M^o of N in the 
-topology; then 

max {\F{x,t)\, \VF{x,t)\, \V'^F{x,t)\} < C, 

a;eA/,tg[0,+oo) 

where C is a constant depending on Mq, A^"+^ and Moo- 
Proof: Straightforward from the assumptions. □ 

Proposition 8. Assume N and Mt M^o are as in the hypotheses of 
Proposition Then 

Um / dfit = 0. 



Mt 

a 



Proof: By Theorem 1.1 in [5], we have the formula ^{fpj^dfj,t) = 
— Jj^^FHdfit- Because Jj^^^dfit fi{Moc) as f — > oo, we could find an 
e-dense set {tfc}^^ for any positive constant e > such that 



lim / FH dfitk = 0. 



lim tk = oo 

k^oo 

and 

Then using the inequality H > n^F, we get limfc^oo Jm F'^ dfit, = 0. 

k 

Now to get our conclusion we only need to show ^ F'^dfit is uniformly 
bounded. First, we know from Proposition [7] that \F\, \VF\ and |V^-F| are 
uniformly bounded. So we have 

^ ( F^ dfit) = J 2FFt + F\-FH) dfit 

i=l * 

(where we use equation ([3])) 

/n 
2nF^ + 2F^(^Y1 K^^^i) + 2F^(F) - F^H dfxt 
1=1 
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•' i=i •' 

<C j + 2 j F^{F) dt,t, 

where the first inequality uses the following facts: 

Mt is always contained in some compact set of A^"+^, since A^"+^ is convex 
at infinity, so its sectional curvature is bounded above by some constant K2; 
and HF-' = (EHi A.)(Er=i K') > > 2n. 

Next, since we know the volume of Mt is always non- increasing and |F| 
is uniformly bounded, we get 

C [ F^ dfit < Ci, 

JMt 

where Ci is some constant depending only on Mq, and M^. 
Since iV'^-Fj is uniformly bounded, we get 

2 j F^{F) dm < 2n^ j F\V^F\ dm < C2, 

where C2 is some constant depending on Mq, and M^o- 
By all the above we get 



F^dfit] < C3, 



d_ 

di 

where C3 is another constant depending on Mq, N and AI^ 
Therefore 

lim / dfit = 0. 



t^oo 

□ 



Mt 



Corollary 9. Assume N and Mt M^o are as assumed for Proposition 
Then we have 

lim ( max F(x, t)] =0. 



t- 

Proof: By Proposition [8l we have 



= lim 



/ F'^dm= I lim d/Uoo, 
JMt Jm^ 
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so the corollary follows. □ 

By the above results, assume N and Mt M^o are as in the hypotheses 
of Proposition [71 we know that F = on the limit surface Mqo, if M^o is 
the smooth limit of the harmonic mean curvature flow, which implies that 
det^' = on Moo. 



5 Classification of harmonic mean curvature flow 
on surfaces 

In this section, we consider harmonic mean curvature flow for n = 2, where 
is an orientable surface, A^^ is a hyperbolic manifold, and the harmonic 
mean /(A) = x'i+'x2 ' before, we assume that (po{M) is locally strictly 
convex. 

In the following we always assume F{x, 0) < ^, i.e. A^^^ + Ag ^ > 2, which 
will guarantee the harmonic mean curvature flow exists forever by Lemma 
m Note that, for example, /(Ai,A2) < | for the examples of Theorems [3] 
andSl and that the horospheres have /(Ai,A2) = ^■ 

We define Cq = 27rx(Mo) = j\^^iK — 1) dfit, where the second equation 
is true for any Mt because of the Gauss-Bonnet theorem, where xi^o) is the 
Euler number of Mq; K{x,t) = Xi{x,t)X2{x,t), Xi{x,t) and X2{x,t) are the 
principal curvatures at the point x on Mt in the ambient hyperbolic mani- 
fold A'^^; and the Gauss equation, which implies the Gauss curvature = K—1. 

First, define V{t) = Jj^^^ 1 dfit, the area of Mt. Then using the formula 




FHdfit 



we get 





Solving the above ODE, we get 



V{t) = {V{0) + Co)e 



Co. 
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This shows that the area of Mt is determined by its genus and the area V{0) 
of the initial surface Mq. 

There are three cases: Co < 0, Co = 0, Co > 0, corresponding to the 
surfaces with genus g > I (Case T) , g = 1 (Case II) and g = (Case III). 

(I) . Let us first consider the case Co = 27rx(Mo) < 0. In this case, we 
have 

hm V{t) = -Co > 

which means the limit surface has non-zero volume. We conjecture that 
in a hyperbolic manifold N^, the limit surface will be the totally geodesic 
surface, if there is one in the homotopy class of Mq. This behavior is seen 
in Theorem m 

(II) . When Co = 2ttx{Mo) = 0, we have 

lim V{t) = -Co = 

which means the limit surface has zero volume. In fact we could prove the 
following: 

Proposition 10. If is a hyperbolic manifold, F{x,0) < ^ for all x £ M 

and the genus of M =0, then 

lim (max H{x, t)) = +oo. 

t^oo x&Mt 

Proof: Because /^^^ {K — 1) d/Uj = Co = 0, we have maxajg^t K{xi t) > 1. 
We also have limt^oo {^^^xGMt t)) = 0, using the assumption F(x, 0) < 
^, by Lemma [6l Then for any x G Mt, t > 0, we have the following: 

K{x, t) = H{x, t)F{x, t) < F{x, i)(max H{x, t)). 

xdMt 

Taking the maximum on the both sides of the above inequality, we have 

1 < maxi^'(x,t) < (max i^(x, t))(max /7(x, t)). 

xeMt x&Mt xeMt 

So ^ 

max H(x,t) > — -. 

Taking the limit on both sides, we get 

lim (max H{x,t)) > = +cx3. 

t-»oo xeMt limt^oo(maXa;eMt F[x, t) ) 
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□ 

The above proposition means that there exists at least one blowup point 
on the limit set; the example of Theorem [3] blows up at every point. 

(Ill) Finally, when Co = 27rx(Mo) > 0, we have an interesting geometric 
result. In this case, because 

y(t) = (y(0) + C7o)e-*-Co, 

there exists some Tq, < Tq < +oo, such that V{Tq) = 0. That means the 
harmonic mean curvature flow stops in finite time. But we already proved 
that the flow will exist forever if F < ^. So under the assumption F < ^, 
this surface will not exist. 

Remark 11. Observe that the nonexistence of the initial surfaces in Case 
(III) above may also be proven by lifting the simply- connected surface Mq 
to the universal cover of and applying the comparison principle 
with shrinking spheres centered at a point: the sphere of radius r has F = 
^ coth r > ^. 

6 General geometric flows 

In this section we give examples for a general geometric flow ([T]) in a hyper- 
bolic manifold N"^^^ which will exist forever or for a computable finite time, 
and converge to a given totally geodesic submanifold of any codimen- 
sion. In this section, we always assume the existence of a totally geodesic 
submanifold P'^ in A^^^^. 

Firstly, by similar methods to those of section 2 and section 3, we may 
prove a theorem for general dimensions and codimensions: 

Theorem 12. Assume is a compact totally geodesic submanifold of the 
hyperbolic manifold A^""*"^, where 1 < k < n. Let M be difjeomorphic to the 
unit sphere bundle of the normal bundle _L P when k < n ; we choose M 
to be one of the two connected components of the unit sphere bundle of the 
normal bundle 1. P when k = n. Then we have a flow by harmonic mean 
curvature tpt : M ^ N such that as t ^ +oo, ipt{M) — > P. 

Proof: We only sketch the proof. We find the second fundamental 
form matrix of ipriM) with respect to a basis of curvature directions is the 
following: 



14 



^ ^ / /fctanhr Okx{n-k) 

V 0(n-fc)xfc /n~fcCOthr 

Then we find 

9r _ tanh r 



(4) 



9i A; + (n — /c)(tanh r)2 

Solving this ODE, we get 

(sinhr(t))'=(coshr(t))"-'= = Ce"* 

where C = (sinhro)'^(coshro)"~'^ is a fixed positive constant. This shows 
that ift '■= '^r{t) is a solution of harmonic mean curvature flow. 
Note that r{t) ^ as t ^ +00. □ 

Now let M" be difFeomorphic to (one connected component of) the unit 
sphere normal bundle of in A^"^^, and lei ifjy. : M ^ N define the 
hypersurface at distance r > from . We consider flow by an arbitrary 
symmetric function of the normal curvatures: 

Theorem 13. For the symmetric function /(Ai, • • • , A„), define 

h{r) = /(tanhr, ■ • • , coth r), 

where tanh r is repeated k times and coth r is repeated n — k times. Choose 
ro > and define 

fro I 

^0= / TTTT^^' 0<To<+oo. 
Jo ^v) 

Then we may construct a flow 

^^^{■,t)=f{X{W{x,t)))iI{x,t) (5) 

with initial condition ^p{-,0) = ipro, which exists for time < t < Tq < 00, 
and ^{-jt) converges to the totally geodesic k-dimensional submanifold P'^ 
as t ^ Tq. 

Proof: The hypersurface defined by (p{-,t) := ■0r(t) flows by ([5|) if 

^ = -Fix,t)^-hir) (6) 
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r(T„) ^ I'To 

, , s dr = —Idt 
r(o) h{r) Jo 

f-ro I 

Jo Kn 

The conclusion now follows from the proof of Theorem [T2l replacing 
equation ([Ij) with equation ([6]). □ 



Remark 14. Note that the flow ^ is parabolic if > (1 < i < n); 

parabolic for backwards time if ^ < (1 < i < n); and is a first- order PDE 
if f is constant. 

The following corollary is a generalization of both mean curvature flow 
(m = 1, ^ = 0) and of harmonic mean curvature flow (m = n, £ = n — 1). 

Corollary 15. Assume is a compact totally geodesic submanifold of 
N^~^^ , where 1 < k < n. Let M be diffeomorphic to the unit sphere bundle 
of the normal bundle _L P when k < n; M is one of the two components of 
the unit sphere bundle o/ _L P when k = n. 

For integers < m, £ < n, let Sm, Sg be the elementary symmetric 
functions of degree m, £ respectively, of the principal curvatures Ai, . . . , A„ 
of Mf . We have a flow by curvature function 

F{x t) = '^"^(^1' " " " ' 

Sei^i, ■ ■ ■ , An) 

for time < t < oo, such that (p{t) : M ^ N, and ipt{M) P as t ^ +oo; 
assuming that the integers m, £ satisfy \m — {n — k)\ < \£ — {n — k)\. 

Remark 16. Theorem{T^ also may be applied to prove a partial converse of 
Corollary [T^- assuming P^ and iV"+i are as in Corollary\l^ if the opposite 
condition \m — {n — k)\ > \£ — {n — k)\ holds, then the same construction yields 
a flow of hypersurfaces by the curvature function F = ^ which converges 
to the totally geodesic submanifold P^ in finite time Tq. 

Proof: In the following, we fix an arbitrary positive constant r(0) = rg. 
Firstly we have 



Sm= ^r(tanhrrC7:j_,(cothr)^ = 5^C,^C^,(cothr 



q-p 



p+q=m 
0<p<k 
0<q<n-k 
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fc! 



where is the combinatorial coefficient pi(^i^_py^ 



Since cothr > 1, it is easy to see 



(coth r)™ ii m <n — k 

(coth 7-)2(n-fc)-m jyi > n - k 



where the notation Sm ~ (coth ry means that there exist positive constants 
Ci, C2 such that Ci(cothr)J < Sm < C2(cothr)^'. Here Ci and C2 will 
depend only on m, n, A:, ^ and tq. 
Similarly, we have 



5^ 



(coth rY if £ < n — k 
(cothr)2("-^)-^ if^>n-A;. 



Therefore 



7-1 'S'm 



(cothr)™" ^ \im,£<n — k 

(coth r)^~™ ii m, £ > n — k 

(coth r)2("-fc)-™~^ if^<n-A;<m 

(coth r)™+^-2("-fc) if m < n - /c < 

By Theorem I13t we obtain that the flow exists forever if and only if the 
power of coth r is negative in the asymptotic estimate for F above. That is, 
if and only if m and £ satisfy one of the following conditions: 

m < £ ii m,£ < n — k 

£ < m ii ■m,£ > n — k 

2(n — k) < m + £ ii £ <n — k < m 

m + £ < 2(n — k) ii m < n — k < £. 

It is straightforward to see the above inequalities are equivalent to the 
inequality \m — [n — k)\ < \£ — [n — k)\, which is our conclusion. □ 



Remark 17. In particular, the case k = n, m = 1, £ = is the first 
example we are aware of in the literature of a locally convex compact hyper- 
surface flowing by mean curvature and converging smoothly to a submanifold 
in infinite time. And the case k = n — 1, m = 0, £ = 1 gives an example 
of (backwards parabolic) inverse mean curvature flow existing forever and 
converging to a totally geodesic hypersurface. After reversing time to obtain 
parabolicity, this example of —jr flow is properly divergent as t —> 00 . 
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